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Abstract—The buoyancy driven flow due to the temperature gradient in the melt of a float zone and the
surface tension driven flow due to the non-uniform temperature distribution along the free surface of the
zone are studied in the presence of a strong axial magnetic field. The non-cylindrical shape of the zone is
found to have a profound effect on the meit motion. The results indicate that the regions near the free
surface are controlled mainly by the thermocapillarity, while the inner region is dominated by the buoyancy
driven flow. Some implications for the mass transport of dopants in the molten float zone are discussed.

1. INTRODUCTION

In THE float zone growth of a silicon crystal, the solid
silicon of a feed rod is melted by a copper induction
coil. Here we treat the coil as a wire loop, which is
located at z = 0 and a radial distance of 7.6 mm away
from the surface of the melt, and which carries an a.c.
electric current, as shown in Fig. 1 [1]. We present
results for one set of dimensions and physical con-
stants which are typical of the float zone process, and
we give these specific values in the Nomenclature, The
free surface of the liquid silicon is stabilized by the
electromagnetic body force from the coil. Figure 1
shows the lengthwise diagram of the float zone process
with the induction coil and in the presence of a
uniform, axial, d.c. magnetic field B. The actual pos-
itions of the crystal and feed rod faces relative to the
induction coil are determined by the heat transfer in
the melt, crystal and feed rod and by radiation
between their surfaces and the surrounding surfaces.
We only treat the heat transfer in the melt, so that we
assume positions for the feed rod and crystal faces,
namely at z = =+ 1. The experimental results presented
by Robertson and O’Connor [2] indicate that the crys-
tal-melt interface becomes nearly planar with a d.c.
axial magnetic field of 0.5 T, so that we neglect any
curvature of the crystal or feed rod face. The induction
coil induces azimuthal electric currents near the sur-
face of the liquid silicon. These electric currents are
confined in a very thin free-surface layer called the skin
depth [3]. Gupta er al. [4] showed that the thickness of
this skin depth layer is about 0.29 mm for a radio
frequency of 3 MHz in the induction coil. These sur-
face electric currents generate the so-called Joulean
heating which keeps the silicon molten and con-
tributes to the temperature variation in the melt. This
temperature variation in the melt can drive the

thermal free-convective flow inside the melt and the
Marangoni flow near the free-surface region.

The Boussinesq assumption is adopted here for con-
stant physical parameters. The percentage error of the
density (p) of the molten silicon due to the Boussinesq
assumption is about 1.41E—03, the product of « and
AT. Here we present asymptotic solutions for a strong
axial d.c. magnetic field. For a silicon melt in the
Czochralski process, Langlois et al. [5] compared the
predictions of the strong-field asymptotic solutions
with digital simulations of the full Navier-Stokes
equations for B = 0.2 T. They found that the largest

Feed
Rod

Induction Fi

o N 4 iy
<1 5—)- r .

Melt r=Hz)

2=-b

Crystal

r=|

A
BZT
z

Fic. 1. Float zone process with induction heating by a single
coil. (After Riahi and Walker [1].)
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NOMENCLATURE
a horizontal distance between induction Ui characteristic velocity for
coil and melt surface, 7.6 mm thermocapillary flow,
An B, C, D; coefficient matrices of order AT|dy/dT|/(cB*R2)
19%19 (x,y) transformed coordinates from (r, z),

B magnetic field strength {T]
Cy specific heat of molten silicon,
1.OE4+03Jkg ' K~'

1 peak electric current in the induction coil,
131.7 A

j electric current density vector [A m~?]

k thermal conductivity of molten silicon,
466 Wm ' K~!

M Hartmann number, BR.(a/pv)"?
(n,0,1) curvilinear coordinates on free

surface
. . )

N interaction number, 6 B°R /(pv.,) where
Ueh = Up OT Uy

p deviation of melt pressure from

hydrostatic pressure
Pe Peclet number, pCpr Rk
(r,0,z) cylindrical coordinates
R, radius of the solid crystal, 0.0381 m
T temperature in the melt [K]
T. effective temperature surrounding the
melt [K]

T, melting temperature of silicon, 1685 K
T, E,G arrays of dimension 19
AT  maximum temperature difference inside

the molten silicon pool, 10 K

velocity vector in the melt

U characteristic velocity for buoyancy flow,
pgoAT/(cB?)

Ueh characteristic velocity : v, for buoyancy
flow ; v, for thermocapillary flow

-

y =zand x = r/f(z).

Greek symbols

o volumetric expansion coefficient of
molten silicon, 1.41E—04 K~

¥ surface tension of molten silicon,
0.736 Nm~'

0 skin depth on melt surface for 3.0 MHz
a.c. current, 0.29 mm

£ effective emissivity of molten silicon,
0.26

Em electromagnetic Bond number, pul*/yR.

K thermal diffusivity of molten silicon,
kipC,

A angle between 7 and Z, cos™' (fi-2)

u magnetic permeability, 4E—~07 Hm ™'

v kinematic viscosity of molten silicon,
3.0E-07m?s~!

¢ stretched normal coordinate inside the
free-surface Hartmann layer, Mn

P density of molten silicon at T,
2530 kgm~?

o electric conductivity of molten silicon,
1.0E+06Sm™'

g, Stefan—Boltzmann constant for
radiation, 5.67TE—08 Wm~>K **

¢ electric potential function inside the
melt

v dimensionless stream function.

error in the asymptotic solution was the neglect of
O(M~ ") terms. Here, M = 13798, so that an O(M~")
relative error for B = 0.5 T is comparable to the rela-
tive error in the Boussinesq approximation.

The dimensional form of the governing equations
for the flow problem are composed of the con-
servation of mass and charge, Ohm’s law, and the
Navier-Stokes equations with the buoyancy and
electromagnetic body forces included (see ref. [6]).
These are

p(v VIV = —Vp+pga(T—T)z+jxB+pvV3y

(la)
V.v=0, j=o(—Vo+vxB) (1b,c)
Vj=0, pCyv-VT=kV?T. (1d,e)

The first-order perturbation term, a(7— 7,), for the
density of the liquid silicon in the momentum equation
is neglected due to the Boussinesq assumption.
Because the flow is axisymmetric, only the meridional

motion of the melt is investigated. The governing
equations describing the meridional variables, v, v,
Je» p- and T, are nondimensionalized using the charac-
teristic length R, for the space variables, the charac-
teristic temperature difference AT for the temperature
difference (T— T,) [7] and the characteristic velocity
vy, for the melt velocity. The selection of vy, will be
discussed later. The characteristic quantities ov g, B and
av.,BR. are used for j, and p, respectively. The result-
ing non-dimensional governing equations for the
meridional variables are

0 :
N 'Dy, = — 4 +jo+M? (Vzv,— ;) (2a)

ar
cipy, P a2,
N 'Dy, = — a- o T+ M7 V-0, (2b)
v, v, O
D B T _ )
ar + oz 0 (2¢)
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jo= —v,, PeDT=V’T (2d,e)
where
0,0 10 2
D=vgtig, V=it a5

Henceforth p, v,, v,, jo, and T are the dimensionless
pressure, radial velocity, axial velocity, electric current
density, and deviation of the temperature from 7.
Equation (2d) is the & component of Ohm’s law (1¢)
and does not involve ¢ because ¢ is independent of 8
for an axisymmetric flow.

We assume that N is sufficiently large that the iner-
tial terms on the left-hand side of equations (2a) and
(2b) can be neglected. Since the inertialess momentum
equation is linear, we can treat several components of
the melt motion independently and then superpose
these components. The independent components of
the melt motion are the forced convection due to
centrifugal pumping if the crystal or feed rod are
rotating about the z-axis, the free convection due to
buoyancy, the Marangoni or thermocapillary con-
vection due to the temperature-dependent surface ten-
sion, the forced convection due to the a.c. electro-
magnetic body force in the skin depth layer, and
the motion from the melting feed rod face to the
crystal face. Here we consider only the buoyant and
thermocapillary convections which are thermally
driven and which are independent of the other com-
ponents for N » 1.

The buoyant and thermocapillary convections
involve radial and axial velocities for axisymmetric
temperatures and only induce azimuthal electric
current densities j,. The electric potential ¢ and the
other components of the electric current density j, and
Jj. are governed by a homogeneous boundary value
problem, and these variables are zero [8]. For the flow
associated with the crystal and feed rod rotations,
there is an azimuthal velocity vy, and non-zero values
of ¢, j., and j; [6]. These flows are decoupled because
of the strong magnetic field approximation. We note
that j here is the d.c. electric current density induced
by the steady-state thermal convection across the d.c.
applied magnetic field B. The radio-frequency a.c.
magnetic field and current density are confined to a
skin-depth layer at the free surface and only enter the
present problem as a heat source at the free surface
due to the Joulean heating in the a.c. current.

For M > 1, the viscous terms in equations (2a) and
(2b) can be neglected except in thin boundary and
interior layers. The subregions of the melt for a
uniform, axial d.c. magnetic field are shown in Fig. 2.
The regions i, u, and 1 are the inner, upper, and lower
cores where the viscous terms can be neglected. The
viscous Hartmann layers # adjacent to the free surface,
crystal and feed rod have an O(M~') dimensionless
thickness because there is a non-zero component of
the d.c. magnetic field perpendicular to each surface.
The interior or free shear layer f lies along the d.c.
magnetic field line tangent to the neck of the melt,
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Fi1G. 2. Subregions in the melt (h, Hartmann layer; I, inter-
action region; f, free shear layer; i, inner core region;
u, upper outer core region ; 1, lower outer core region).

has an O(M~"/?) dimensionless thickness because the
layer is parallel to the magnetic field and matches
jumps between the inner core i and the outer cores u
and 1 [9].

The solutions for the buoyant and thermocapillary
convections are presented in Sections 2 and 3, respec-
tively. We have assumed that N is sufficiently large
to neglect inertial effects, which permits independent
solutions for several components of the melt motion.
However, the value of N depends on the characteristic
velocity v, which has not yet been defined. The bal-
ance between the d.c. electromagnetic body force
opposing the melt motion and either the buoyant or
thermocapillary driving force provides a definition of
Ve, €ither v, or vy, If the N based on both values is
sufficiently large, our inertialess assumption is valid.

Langlois et al. [5] present digital simulations of the
Navier—Stokes equations for the melt motion in a
Czochralski crystal puller with a uniform, axial, d.c.
magnetic field. For B = 0.2 T, they artificially increase
the value of N by a factor of four with all other
parameters fixed in order to estimate the role of
inertial effects. This change has a negligible effect on
the results, indicating that inertial effects are indeed
negligible. Their value of B=0.2 T corresponds to
approximately 600 for the N discussed in the next
two sections. The strong-field asymptotic solutions
complement the digital simulations of the Navier—
Stokes equations in two ways. First, the digital simu-
lation becomes more difficult as B is increased because
grids must become more refined to resolve boundary
layers, while the asymptotic solutions improve as B is
increased. Second, the asymptotic solutions are quite
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simple and permit the practical investigation of a large
number of crystal growth conditions. Once promising
conditions are identified, digital simulations for a few
cases can provide more accuracy.

2. BUOYANCY DRIVEN FLOW

For the buoyancy driven flow, the motion of liquid
silicon is caused by the free convection due to the
temperature variation within the liquid silicon. For
the temperature field, there is no free shear layer to
divide the core region in the melt into different core
temperature regions (see ref. [8]). Therefore, the entire
molten zone is treated as a single domain for tem-
perature. Because a strong axial magnetic field is con-
sidered, the momentum equation for velocity and the
heat equation for temperature are decoupled by
ignoring the convection term in the heat equation.
For the buoyancy driven motion we choose

Vp = U = pgaAT/(aB?)
so that v, = 1, while

N =6B*R [(p*’gaAT), Pe = pgaATR /(6B%k).

The values of v,, Pe, and N are listed in Table 1 for
several values of axial magnetic field strength B.

The values of N in Table 1 are above 600 for
B > 0.2 T, so that the inertialess assumption is valid.
Hjellming and Walker [10, 11} solved for the tem-
perature in a Czochralski crystal puller with an axial
magnetic field. Their results indicate that convective
heat transport is negligible for Pe < 1.0, with Pe
defined with the same v, = v,. We neglect the con-
vective heat transport term on the left-hand side of
equation (2e) so that this equation is also linear.
The values of Pe in Table 1 indicate that the present
analysis should be valid for B> 0.3 T.

After neglecting convection terms in the heat equa-
tion, the temperature field is governed by a Laplace
equation with the boundary conditions based on
Joulean heating, the Stefan—Boltzmann radiation
equation applied to the free surface and the tempera-
tures at the crystal and feed rod interfaces [11]. The
Joulean heating term due to the a.c. electric current

Table 1. The magnitudes of v, Pe, and N of the buoyancy
driven flow corresponding to various axial magnetic field
strengths B

B(T) v, (ms™') Pe N

0.1  0.349952E—02 0.721983E+01 0.429195E+02
0.2 0.874880E—03 0.180496E+01 0.686712E+03
0.3  0.388836E—03 0.802203E+00 0.347648E+04
04 0.218720E—03 0.451239E+400 0.109874E+0S
0.5 0.139981E—03 0.288793E+00 0.268247E + 05
0.6 0.972089E—04 0.200551E+00 0.556236E+05
0.7 0.714188E—04 0.147343E+00 0.103050E+06
0.8 0.546800E—04 O0.112810E4+00 0.175798E+06
0.9 0.432040E—04 0.891337E—01 0.281595E+06
1.0 0.349952E—04 0.721983E—01 0.429195E+06
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in the free surface skin-depth layer is ’a?/((a’+z%)?
x /8kadn’R?), where a and J are normalized by R..
This coil current / corresponds to an electromagnetic
Bond number of 0.8 and we use the free-surface shape
corresponding to this electromagnetic Bond number
{1]. Following ref. [11], the radiation equation at the
free surface is written as

oT
P —Cy—C, T, on the free surface

with
Co=e,0,R(T:—TH/KAT and C,=4Re.0,T3k

while 7, is determined later. The dimensional vari-
ables for the radial variable r (or the axial variable z)
and for the temperature (7— T,) in the heat equation
can be nondimensionalized by R, and AT, respec-
tively. Therefore, the boundary values for the dimen-
sionless temperature along the melting and solidifying
interfaces are zero. We thus obtain the following
dimensionless governing equation and the boundary
conditions for the liquid silicon temperature :

V2T =0, in the melt (3a)
T=0, at z=+1 (3b)
oT
—=0, as r=0 (3¢)
or

and

A-VT = A4/(@*+:2°)—Co—C\T, at r=f(2)
(3d)

where

92 0 02
2 _ il
V= or® + ror * 0z?

7 is a unit normal vector to the free surface at r = f(2)
and A = I’a*/(\/8koén*R}AT). Due to the non-
cylindrical shape of the free surface, non-orthogonal
coordinates are adopted in order to transform the
hour-glass shape into a straight cylindrical domain
[12]. The original r, z coordinates are transformed
into x, y coordinates by

y=z and x=r/f(2).
The control-volume approach is applied here to the

new transformed heat equation in order to obtain the
corresponding finite difference equation:

fvﬁaw:f 2 VTrdSdo =0
¥ K

where # is the unit vector normal to the surface of the
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F1G. 3. The control surface cell for the finite difference grid
in the glass shaped melt.

control volume (see Fig. 3). The surface integral can
be treated as a line integral over contours, S, S5, S,
and S,, shown in Fig. 3, by integrating over a wedge
portion of the cylinder for a constant azimuthal angle
0 because of the property of axisymmetry. Therefore

Jg'YTrdS=O @
A

and the expressions for »V and dS for each surface
over the control area are derived as

o @2
BT T () ox
and dS,=f(y)dx, for S,
g ) 8 xf0) 0
23 = - = -
T f) 0x alx,y) oy
and dS, = . /(x(x,y))dy, for S,
7'V =—»,'Y and dS,=dS, for S,
74V =—#,"V and dS,=dS,, for S,

where a(x, y) = 1+ (xf'(»))*. A polynomial approxi-
mation for free-surface shape f(y) is obtained by a
least squares curve fitting scheme using the free-sur-
face shape associated with an electromagnetic Bond
number &, of 0.8, a = 7.6 mm and b = R, [1]. With
fourth-order polynomials, the relative errors between
f(») and the original data are less than 1%

F() = 0.5926 —0.3953y+0.5175y°
+0.4003p* —0.1267y".

The finite difference formula for the temperature is
obtained by substituting »+V and dS into equation
(4). The resulting lengthy difference equation for tem-
perature is not listed here. The boundary conditions
along the interfaces between the solid and liquid sili-
con as well as the condition at x = 0 are not changed
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FiG. 4. The 10 x 21 finite difference grid for the transformed
cylindrical domain, with Ax = Ay = h.

by the transformation, while the r-directional tem-
perature gradient at the free surface of the untrans-
formed shape is changed quite significantly. The trans-
formed dimensionless boundary conditions are

T=0,
x0T/dx — 0,

at y= +1 (5a)

(5b)

aT/ox = f(MLf (0OT/0y++/((x, ))(A/(@* +y*)*
~Co—~CD)]Ja(x,y), at (5¢)

A 10 x 21 mesh is set up in the transformed cylindrical
domain as shown in Fig. 4. An algebraic system of
equations for the unknown matrices is derived from
the resulting difference equation and boundary con-
ditions (5) for temperature. This algebraic system of
equations is further constructed to the following
matrix equation :

as x—0

x=1.

B, C, T,
4, B, C, T,
0
X = (0
0 Ay By Cy T,
AIO BIO Tlo E

(6)

where A4,, B; and C,; are coefficient matrices of order
19 x 19, T represents the unknown temperature arrays
of dimension 19 at the ith column, and £ is an array
generated by the heating and radiating boundary con-
dition at the free surface. The general Gauss elim-
ination method is applied to equation (6). First, the
forward sweep is used for constructing an upper
triangular matrix the elements of which consist of
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Fi1G. 5. The isotherms in the melt for ¢, =0.8 and 7, =
1680 K.

unitary values on the diagonal line and matrices D,
located on the site of matrix C, D, = By'*C, and
D, =(—A,D,_,+B) '-C,withi=2,...,9, and the
new array G = (Bo—Ao"Dy)~ '+ E replaces the
array E after the forward sweep step. Second, the
backward sweep is used to derive the recurrence
formula for temperature vectors T

Tw=6G and T.=-DT,, i=1...9

The isotherms for the temperature field in the melt are
plotted in Fig. 5 in the original (r, z) coordinates with
an effective background temperature 7, = 1680 K,
and the maximum dimensionless temperature (0.86)
in the melt occurs at (r, z) = (0.563, 0.00) which is the
closest grid point to the free surface, about a normal
distance of 0.83 mm away from the free surface. We
presume that the temperature at the hottest surface
spot would be very close to the expected 10 K above
the melting temperature. Therefore, the temperature
distribution for the specific dimensions and constants
considered here is used for our next computation of
the velocity field in the melt, because it gives an
approximately accurate temperature difference AT
inside the melt.

To investigate the melt motion due to buoyancy,
the O(1) pressure gradient. the velocities and the elec-
tric current density terms are included in the momen-
tum equation with the temperature distribution pro-
vided from the above calculation. The dimensionless
governing equations for the meridional melt motion in
the inviscid cores (regions away from the boundaries),
with only the O(1) terms considered, are

ap

a 23 (7a)
op
=T (7b)

K. H. LiE et al.

% o 617:_0
or r+g_ (7¢)

while the boundary conditions for the velocity are

v, =fv.,, at r=f(z)

and
v.=0, at z= +1.

The Hartmann layers at the free surface or at a
solid-liquid interface match any tangential core
velocity and satisfy the no-traction or no-slip con-
dition provided that the normal component of the
core velocity is zero.

The subregions for the velocity variable in this
hour-glass shaped meit need to be considered sep-
arately. We introduce the stream function for the core
velocities

W
B je_rﬁz’ v = ror

and we add the subscripts i, u, and | to denote the
inner, upper, and lower core regions, respectively.
Substituting these stream function identities for vel-
ocities in equations (7), the dimensionless solutions
for i in different core regions are obtained

1
'//i(",Z)—r(Z;- )J‘ (1-x ) (r x)dx
z a]"l
—rJ;l(Z—x)E(r,x)dx (8a)
_r(l—2) B ?_Z‘E
b =12 | 0 0 d
J‘ (z—z) (r z)dz (8b)
r(14+2) [
'ﬁl(’,Z):m B (g.(r) - (r z) dx
—rJ‘ (Z-—:c) (r z) dx (SC)

where z = g,(r) and z = g,(r) are the locations of the
free surface above and below the point of minimum
radius (see Fig. 6), i.e. the inverse of r = f(2).

The streamlines based on equations (8) are cal-
culated and plotted in Fig. 7. The melt motion basi-
cally flows upward in hot areas and downward in cold
areas in all the regions. The upper outer core region
involves a clockwise circulation, which is driven by
negative temperature gradients, T/0r < 0, in the r-
direction in this region. We note that a strong positive
temperature gradient, dT/0r > 0, exists near the upper
corner of the lower outer core region, leading to
the existence of a small counterclockwise circulation
above the main clockwise circulation in the lower
region. The free shear layer, which separates the outer
and inner regions, provides space for developing an
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FiG. 6. The locations for the upper surface function g,(r)
and the lower surface function g,(r).

up-flowing jet through the entire height of the liquid
silicon. The motion in the inner core region has the
strongest circulation among all the three regions,
while the upper outer core region possesses the weak-
est circulation. The buoyancy driven circulation in an
axial magnetic field varies roughly as the square of the
vertical dimension of a region. The inner core region
has the largest unobstructed vertical dimension while
the upper outer core region has the smallest.

In case of large Peclet number, the convective heat
transport term needs to be included in solving for the
temperature field as the axial magnetic field strength
is reduced. The temperature distribution with heat
transport included is expected to be similar to Fig. 5,
except that hot fluid will be lifted toward the top

FiG. 7. The streamlines, nondimensionalized by vy, due to
buoyancy in the melt for ¢, = 0.8 and T, = 1680 K.
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Table 2. The magnitudes of vy, Pe, and N of the thermo-
capillary flow corresponding to various axial magnetic field

strengths, B

BT) vu(ms™") Pe N

0.1 0.193213E—03 0.398616E+00 0.777367E +03
02 0.483033E—04 0.996541E—01 0.124379E +05
0.3 0.214681E—04 0.442907E—01 0.629667E+05
04 0.1207S8E—04 0.249135E—01 0.199006E+06
0.5 0.772853E—05 0.159447E—01 0.485854E+06
0.6 0.536704E—05 0.110727E—01 0.100747E+07
0.7 0.394313E—05 0.813503E—02 0.186646E+07
08 0.301896E—05 0.622838E—02 0.318409E+07
09 0.238535SE—05 0.492119E—02 0.510030E+07
1.0 0.193213E—05 0.398616E—02 0.777367E+07

interface and subsequently the magnitudes of the
radial temperature gradient will be smaller. The
resulting circulations of the melt will then be slightly
lifted, but the direction of the circulation will not be
reversed.

3. SURFACE TENSION DRIVEN FLOW

With the temperature distribution discussed in the
previous section, the surface tension driven flow due
to the non-uniform free-surface temperature dis-
tribution is studied. The flow field of the melt is again
divided into several regions, for M » 1, while our
main concern is the free-surface Hartmann layer and
the outer core regions, which are the regions affected
by the forces due to the surface tension of the free
surface. Unlike the case of the centrifugally driven
motion [8], the surface traction is not zero in the
free-surface Hartmann layer. The tangential surface
tension gradient balances the viscous shear stress at
the free surface which gives the characteristic velocity
for the Marangoni flow. Therefore, v, is derived from
the ratio of the shear stress due to thermocapillarity at
the free surface to the electromagnetic resistance force
inside the free-surface Hartmann layers and is defined
as

Uon = v = AT|dy/dT|/(cB*RY).

With dy/dT= —0279E—03 (N m~' K~') [8], the
buoyancy parameter v, is estimated as

Dpe = Up/Uy = pgaR2/|dy/dT| = 18.1122

which is the multiplication factor for dimensionless
buoyancy driven velocity when it is combined with
the thermocapillary velocity to give the thermal con-
vective velocity in the melt.

Table 2 gives the magnitudes of the characteristic
velocity vy, the Peclet number Pe = v, R./x and the
interaction parameter N = 6B’R./(pv,) for the
thermocapillary motion for various axial magnetic
field strengths, B.

From Table 2, we see that both the convective heat
transport and the inertial effects in the Marangoni
convection are not very significant because of the mag-



2416

nitudes of the Peclet number and the interaction par-
ameter. The governing equations in the different
regions are derived from equations (1) : the momen-
tum equation without the inertial and buoyancy
terms, the conservation of mass and charge and Ohm’s
law. Since the electromagnetic resistive force is very
strong, the primary flow driven by the surface tension
variation is confined to the Hartmann layer at the free
surface. These free-surface jets from hot points to cold
points complete their circulation through the upper
and lower outer core regions. From the conservation
of mass, the net flux, driven by the thermocapillarity,
across any constant r-plane in the melt through the
core region and the free-surface Hartmann layer is
ZE10.

First, we start with the free-surface Hartmann layer.
We define (n,0,£) to be an orthogonal curvilinear
coordinate system for normal, azimuthal and tan-
gential variables on the free surface and A(?) to be the
angle between the unit axial vector 2 of the cylindrical
coordinates and the unit normal vector # at each
point on the free surface. The governing equations are
transformed from cylindrical coordinates (r, 8, z) into
(n, 8, 1) coordinates with

A= (—g2/y (I +g37)i+ (1) (1+957)2

calculated from the lower surface expression z =
g(r). The normal coordinate n of the resulting
equations, which are not written here, is stretched by
introducing ¢ = Mn inside the free-surface Hartmann
layer. Combining the stretched r-component of the
momentum equation, the f-directional component of
Ohm’s law and the conservation of mass yields the
governing equations for the variables v,, v, and j;
of this meridional problem. The n-component of the
momentum equation indicates that the pressure is
continuous through the Hartmann layer. We found
that the tangential velocity component is a quantity
of O(M) and the normal velocity component as well
as the pressure terms are magnitudes of O(1) through
the dimensional analysis for the stretched meridional
governing equations. The O(M) terms of the tan-
gential component of momentum equation and the £-
component of Ohm’s law give the following differ-
ential equation for ¢, :

v,
o¢?
With the O(M) v, term approaching O(1) velocities in

the core region for the boundary condition near the
core region interface, i.e.

—cos? (Dv, = 0. (92)

v, -0, as &{—- —w (9b)

and the resulting dimensionless boundary condition
for the balance between the tangential surface tension
gradient and the viscous shear stress at the free surface

v,/06 = — MOT/dt, at & =0, (9)

The solution to (9a)—(9c¢) is
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M T,
= T s () ot

From continuity inside the free-surface Hartmann
layer, we obtain the normal velocity component, v,

exp (cos (1)€). (10a)

aT(0,1)

18 r
bn =7 5{0032 H o fexp (cos (he) -~ 1]}

(10b)

Through Ohm’s law, the azimuthal electric current
density J, is also derived with ¢, and v, giving

oT(0,

Jo=—M o1

e p (cos (A)&). (10c)

Second, we treat the lower outer core region. From
the momentum equation, the z-component reveals
that the core pressure is independent of z. The r-com-
ponent then indicates that the core radial velocity is
also independent of z. From the conservation of mass,
the net flux, driven by the thermocapillarity, across any
constant r-cylinder in the melt through the core region
and the free-surface Hartmann layer is zero. The flow
rate Q; inside the free-surface Hartmann layer is inte-

grated
2nr
Q= a;’zf b dn =

where HL represents the Hartmann layer.
The total flow rate inside the lower outer core
region, O, is

QO = —Qr = 2nrg,(r) + o (r).

Therefore, the r-directional velocity component in the
core region is derived from equations (11)

N “m”ﬁm<Mmm+m (122)

2ar 8T(0,1)
cos*A Ot

(11a)

(11b)

Ohm’s law and the z-component of the momentum
equation yield the following identity :

v = —Jg = —dp(n)/dr {12bc)
from the continuity equation
l d [ dp
va = ( )[~+1] (12d)
implying
dpi(’ ) )

= [(1+gz’2(r))/(92(r)+1)] :

The stream function y, for the flow in the core zone
of the melt

dp,

= =+ (13)

is obtained from v, and v,,. The corresponding equa-

tions for the upper outer core region are obtained by
replacing (g,+1) by (1—-g,) and (z+1) by (1—2).
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(a)
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(b}

FiG. 8. The streamlines, nondimensionalized by vy, due to thermocapillarity in the melt for (a) the lower
outer core region and (b) the upper outer core region.

Figure 8(a) shows the streamlines in the lower core
region.

For the completeness of the melt flow, we must
examine the interaction region near the free surface at
the melt—crystal interface edge and the free shear layer
which separates the inner and outer core regions. This
interaction region at the melt—crystal edge is called
the singularity of Hartmann layer, for cos 1 = 0, by
Roberts [13]. This complicated Hartmann layer singu-
larity has the dimension of O(M~*?) thickness and
O(M~ ') height along the surface (see ref. [13]).
From the tangential velocity component of the free-
surface layer, equation (10a), this singular phenom-
enon is verified. The streamlines, calculated from
equation (13), at the lower right corner of the outer
core region also reveal this phenomenon. The flow
enters this interaction region from the free-surface
Hartmann layer and leaves to the lower outer core
region. There is a strong local circulation through the
free-surface layer, intersection region and outer core
because cos 4 is locally small (see Fig. 8(a)).

The governing equation for the free shear layer
is derived from the meridional components of the
momentum equation and the continuity equation,
while the boundary conditions for this region arise
from matching the corresponding flow variables in
the core regions. Here we treat the free shear layer
stream function ¥, governed by

%;;%f:gxf’ for 0<z, <g:(@+1
and —w<R<w
Yr=0, at z,=0, andat z,=g,+1
Yr=0, as R—- —
dpi(a)

Ye— ”‘“a(Z‘i“l)"&‘r_, as R-—

where z, = z+1, R=MY*r—a), and r=a is the
minimum radius (see Fig. 2). This boundary value
problem can be solved with Fourier series in variable
y [8] although we do not present the solutions here.
The solutions indicate that the free shear layer com-
pletes the circulation path between the free-surface
layer as it approaches the neck at r = ¢ and the uni-
form radial flow in the lower outer core at r = a.

The melt-crystal interface Hartmann layer is a
rather passive region which does not affect the main
circulation in the lower outer core region. With the
no-slip boundary condition applied at the solidifying
surface, the radially inward velocity is exponentially
decaying from the interface at the inviscid outer core
region to the solidifying interface.

The solutions for the upper core region and its
adjacent regions are obtained by repeating the same
procedures as in the lower region. The non-uniform
temperature distribution along the free surface of the
upper half melt drives the shear stress which causes
the circulation in these upper regions. The stream
function y and the radial pressure gradient p, for the
upper outer core region are given as

dPuc
lfi = —I"(l —Z)"a'

d7(0, 1)
or

P :
e = [(1+91)/0—g)]

Figure 8(b) shows the streamlines in this upper half
region. Notice that the temperature distribution along
the free surface of the upper half melt is decreasing
monotonically with increasing ¢. This result is in con-
trast to the corresponding one in the lower half melt,
where the streamlines contain a small portion of up-
flowing stream due to the sign changes of the tan-
gential temperature gradient along the free surface
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Fi1G. 9. The streamlines, nondimensionalized by vy, for the
thermal convective motion with the buoyancy and the ther-
mocapillary effects combined.

near the induction coil. Notice that the direction of all
the circulations in the upper half region is counter-
clockwise.

4. COMBINED MOTION OF BUOYANCY AND
THERMOCAPILLARITY

According to Tables I and 2, the magnitudes of the
interaction numbers N of the buoyancy driven flow
and the thermocapillary flow imply that the error
(N~} of neglecting the inertial effect is much smaller
than the error (xAT) of the Boussinesq assumption of
constant physical properties for B> 0.3 T. Also the
Peclet numbers of both cases are quite small, especially
for the thermocapillary flow, when the axial magnetic
field strength is greater than 0.3 T. Therefore, the
circulations from buoyancy and thermocapillarity can
be superimposed to form the resulting thermal motion
under the assumption of a strong axial magnetic field.
The dimensionless magnitudes of stream functions for
both cases are adjusted, according to the ratio
(18.1122) of the characteristic velocities vy, to vy, and
added together in the outer core regions. Figure 9
shows the combined circulation of buoyancy and ther-
mocapillarity. The magnitudes of the stream functions
in Fig. 9 are nondimensionalized by v,y

In the inner core region, the buoyancy driven flow
is not affected by the surface tension driven flow. The
reason is that the thermocapillarity flow, which is
damped in the free shear layer by the strong axial
magnetic field, is not able to penetrate through the
free shear layer into the inner core region. As to the
two outer core regions, the motion is dominated by
the thermocapillarity effect. In the lower outer core
region, the thermocapillary flow is slightly accelerated
by the buoyancy driven flow. While in the upper outer
core region, the thermocapillary flow is opposed by
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F1G. 10. The isotherms for a simplified cylindrical melt with
Pe=0,¢,=038,and 7, = 1660 K.

the opposite buoyancy driven flow. But the flow in
this upper core region is still controlled by thermo-
capillarity.

The up-flowing jet inside the free shear layer for
the combined motion is different from the buoyancy-
driven jet in the free shear layer. For the free shear
layer of the lower half melt, z < 0, both the inner core
and the lower outer core circulations enter the free
shear layer to form the up-flowing stream. At z = 0,
part of the up-flowing stream will return to the free-
surface Hartmann layer of the lower outer core region
due to the negative tangential surface temperature
gradient. This downward surface-layer flow is the
incoming flow of the lower outer core region. When
the up-flowing stream enters the free shear layer of the
upper half melt, i.€. z > 0, it turns into three branches.
One enters the free-surface Hartmann layer of the
upper outer core region. Another enters the inner core
region. The rest keeps flowing up, gathering flow from
the upper outer core region and releasing flow into
the inner core region simultaneously. In Fig. 9, darker
lines indicate stronger circulation and dashed lines
represent weaker circulation. Note that the magnitude
of the radial velocity at the crystal-melt interface of
the lower outer core region is about 11 times faster
than that of the inner core region, as estimated from
the dimensionless stream functions in Fig. 9.

5. DISCUSSION

The isotherms for a simplified cylindrical melt shape
were obtained analytically. These isotherms, shown in
Fig. 10, are similar to the isotherms obtained numeri-
cally by Chang and Wilcox [7], for small Peclet
number. The isotherms for the hour-glass shaped
melt, Fig. 5, still have the same trend as in the cyl-
indrical shaped melt. However, the streamlines for
these two different geometries are dramatically differ-
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ent. With the cylindrical shape considered, there are
no effects of the curvature of the free surface, so that
the flow driven by the thermocapillary effect in the
cylindrical melt is not so complex as the flow in the
hour-glass shaped melt.

For the assumed values of the electromagnetic
Bond number ¢, = 0.8 and the axial magnetic field
strength B = 0.5 T, the maximum velocity (~0.151
mm s~ '), calculated from the magnitudes of ¢ for the
combined flow, occurs at the dimensionless location
(0.61, —0.15) which is very close to the hottest point
in the melt. For a moderate crystal growth rate, e.g. 2
crystal-pulling speed of 5 cm h~', the maximum vel-
ocity (=54 cm h~') is much faster than the crystal
growth velocity. Therefore, the crystal growth speed
is negligible. Note that both characteristic velocities,
v, and z4. are proportional to B~7 so that the
maximum velocity will be significantly increased as the
axial magnetic field strength decreased. For example,
decreasing the axial magnetic field strength from 0.5
to 0.4 T will increase the maximum velocity from
54 to 84 cm h™', while further decrease in the axial
magnetic field strength will violate our basic assump-
tion for neglecting the convective effect. As a result,
the thermo-convective motion must be taken into
account for smaller B.

We have used a thermal gradient of the surface
tension, dy/dT* = —2.79E—~04 N m~' K~ cor-
responding to high purity of silicon. This is appro-
priate for the float zone process where levels of
impurities and dopants are only a few parts per billion
or less.

If the polycrystalline is impurity rich, then a high
contamination concentration is expected in the molten
silicon, so that the thermal gradient of surface tension
of silicon is smaller with more impurity. Therefore,
the magnitude of the thermocapillary velocity of ther-
mocapillarity is decreased and becomes more com-
parable to the buoyancy velocity in the outer core
regions. For example, if we consider a high oxygen
concentration case with dy/dT* = —1.043E—04 N
m~! K~ (after Langlois [14]), the new ratio of v, to
Uy will be 48.4427 which is more than twice the ratio
used for Fig. 9. So that the up-flowing stream inside
the free shear layer, especially the upper half part, is
going to be affected by the high oxygen concentration.
First, in the lower half melt, the up-flowing jet in
the free shear layer gets more contribution from the
buoyancy driven flow from both inner and lower outer
core regions. Second, in the upper half melt, most of
the up-flowing stream will enter the inner core region
and less flow enters the free-surface Hartmann layer,
due to the enhanced buoyancy effect in the upper outer
core region. Certain impurities, such as phosphorus,
evaporate from the free surface of the melt under
certain conditions with the float zone process. The
balance between buoyancy and thermocapillarity
strongly affects the fraction of the flow actually enter-
ing the free-surface Hartmann layer. The diffusion
constant for phosphorus in silicon is so small that
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only the fluid entering the free-surface layer can lose
phosphorus by evaporation.

Figures, by Robertson and O’Connor [2], showing
the spreading electrical resistance across the diameter
of a crystal grown under a strong axial magnetic field,
5000 Gauss, indicate a factor of 2.5 decrease in the
dopant, gallium (Ga), concentration from the inner
core region to the outer core region. Gallium has a
very low segregation coefficient, so it is rejected at the
crystal face and builds up in the diffusion layer at the
crystal face. In the present solution, there is a strong
radially inward flow in the outer lower core at the
crystal face. This flow would carry away much of the
gallium rejected here. This flow enters the vertical
free shear layer where it can pass some of its high
concentration to the flow from the inner core by
diffusion or mixing. There is a much weaker radial
outer flow near the crystal face in the inner core so
this flow picks up much less of the gallium rejected
here, and thus enters the free shear layer with a lower
concentration. Therefore, there is a net transfer of
gallium from the outer lower core to the inner core.
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ECOULEMENTS AVEC FORCE DE FLOTTEMENT ET TENSION INTERFACIALE
DANS LA ZONE DE CROISSANCE CRISTALLINE AVEC UN GRAND CHAMP
MAGNETIQUE AXIAL

Résumé—L’écoulement piloté par le flottement dii @ un gradient de température dans un bain et I'éc-

oulement piloté par la tension interfaciale di 4 une distribution non uniforme de température le long de

la surface libre de la zone sont étudiés en présence d’un grand champ magnétique axial. La forme non

cylindrique de la zone a un effet important sur le mouvement du bain. Les résultats montrent les régions

proches de la surface libre sont contrdlées principalement par la thermocapillarité, tandis que la région

interne est dominée par la force de flottement. Quelques implications pour le transfert des dopants dans
la zone fondue sont discutées.

AUFTRIEBS- UND OBERFLACHENSPANNUNGSGETRIEBENE STROMUNGEN IN
DER FLIESSZONE BEIM KRISTALLWACHSTUM IN ANWESENHEIT EINES
STARKEN AXIALEN MAGNETFELDES

Zusammenfassung—Die thermische Auftriebsstrdmung in der Schmelze einer FlieBzone und die ober-
flichenspannungsgetriebene Stromung aufgrund ungleichmiBiger Temperaturverteilung an der freien
Oberflache wird unter dem EinfluB eines starken axialen Magnetfeldes untersucht. Die nicht-zylindrische
Form der Zone hat grundlegende Auswirkungen auf die Bewegungen in der Schmelze. Die Ergebnisse
zeigen, daB die Gebiete nahe der freien Oberfliche vorwiegend durch die thermische Kapillarwirkung
beeinfluBt werden, wihrend die Gebiete im Innern von der Auftriebsstromung dominiert sind. Die Auswir-
kungen auf den Stofftransport von Additiven in der geschmolzenen FlieBzone werden betrachtet.

TEYEHMS, BbI3BAHHBIE ITIOABEMHON CHJIOM M ITOBEPXHOCTHBIM
HATSXXEHUEM, ITPH POCTE KPHCTAJIJIOB B 30HE BCILUIBITUSA B CUJIBHOM
AKCHAJIbBHOM MATHHTHOM IOJIE

AmRoTaIS—B CHILHOM aKCHAJIbHOM MAarHMTHOM I0Jle HCCIEOYIOTCA CBOGOTHOKOHBEKTHBHOE TEUEHHE,
06yCIIOBIEHHOE TEMIEPATYPHLIM IPaAMEHTOM B 30HE PacIUIaBa, a TAKXKE TCYCHHE, BHI3BAHHOE NOBEPX-
HOCTHBIM HATAXKCHHEM H 06YCIIOBIEHHOE HEONHOPOMHEIM PAcIpeieIeHHEM TeMIEPATYP BAOJb CBOGOA-
Hoit moBEPXHOCTH 30Hbl. HalzieHo, 4To HenmyHHApHYeckas GopMa 30HBI OKA3LIBACT 3AMETHOE BIHAHHE
Ha TedeHHe. Pe3yJLTaTH NOKa3WBaOT, 4T0 B 061acTH y cBoGOMHOM NOBEPXHOCTH Hambosbilee BO3-
nelCTBHE OKa3HBACT TEPMOKAMIILIAPHOCTD, 2 BO BHYTpeHHEH ob6nacTu—cBoGonnas kousekins. O6cyx-
IAIOTCA HEKOTOPHE BRBOZB TI0 MaccoNepeHo y IIPHMECEH B PACTLIABICHHON 30HE BCILTLITHA.



